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We study geometry of tangent hyperquadric bundles over pseudo-Riemannian manifolds,
which are equipped, as submanifolds of the tangent bundles, with the induced Sasaki
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curvature and the scalar curvature are proved. There exists a hyperquadric bundle whose
scalar curvature is a preassigned constant.
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0. Introduction
Geometry of tangent sphere bundles over a Riemannian manifold has been studied by many authors. We refer to Boeckx
and Vanhecke [1] and Calvaruso [2] for survey on geometry of unit tangent sphere bundles. O. Kowalski and the second
author have studied in [4] geometry of the tangent sphere bundle of constant radius with the metric induced by the Sasaki
metric on the tangent bundle over a Riemannian manifold. They have shown that geometry of such bundles depends not
only on geometry of the base manifold but also on the radius (see also survey [6] for their extensive research on this
topic).
In this paper we assume that the base manifold (M, g) is a pseudo-Riemannian manifold and consider the bundle T r M
called the tangent hyperquadric bundle of radius r, which corresponds to the tangent sphere bundle over a Riemannian
manifold. We induce the metric g˜ on T r M by the Sasaki metric on the tangent bundle TM over (M, g).
We shall deﬁne in Section 1 the tangent hyperquadric bundle T r M and derive formulas on the Levi-Civita connection
of g˜ . Then, we shall give in Section 2 basic formulas on the curvatures of g˜ . We shall study properties of the scalar
curvature in Section 3 which generalize some results in [4] and [5]. Yet, some of our results in this paper are proper to the
bundles over pseudo-Riemannian manifolds with indeﬁnite metrics. In particular, we shall prove that there exists a tangent
hyperquadric bundle whose scalar curvature is a preassigned constant.
The tangent hyperquadric bundles have been studied by Dragomir and Perrone [3] on different topics from ours.
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Let M be a smooth and connected n-manifold. Then the tangent bundle TM over M consists of all pairs (x,u), where x
is a point of M and u is a vector from the tangent space Mx of M at x. We denote by p the natural projection of TM to M
deﬁned by p(x,u) = x.
Let (M, g) be a pseudo-Riemannian manifold and ∇ its Levi-Civita connection. Then the tangent space (TM)(x,u) of TM
at (x,u) splits into the horizontal and vertical subspaces H(x,u) and V (x,u) with respect to ∇:
(TM)(x,u) = H(x,u) ⊕ V (x,u).
For a vector X ∈ Mx , the horizontal lift of X to a point (x,u) ∈ TM is a unique vector Xh ∈ H(x,u) such that p∗Xh = X . The
vertical lift of X to (x,u) is a unique vector Xv ∈ V (x,u) such that Xv(d f ) = X f for all smooth functions f on M . Here we
consider a one-form d f on M as a function on TM deﬁned by (d f )(x,u) = u f for all (x,u) ∈ TM . The map X → Xh is an
isomorphism between Mx and H(x,u); and the map X → Xv is an isomorphism between Mx and V (x,u) . In an obvious way
we can deﬁne the horizontal and vertical lifts of vector ﬁelds on M . These are uniquely deﬁned vector ﬁelds on TM .
To each system of local coordinates (x1, x2, . . . , xn) in M , one deﬁnes, in the standard way, the system of local coordinates
(x1, x2, . . . , xn;u1,u2, . . . ,un) in TM . The canonical vertical vector ﬁeld on TM is a vector ﬁeld U deﬁned, in terms of local
coordinates, by U =∑i ui∂/∂ui . Here U does not depend on the choice of local coordinates and it is deﬁned globally on
TM . For a vector u =∑i ui(∂/∂xi)x ∈ Mx , we see that uh(x,u) =∑i ui(∂/∂xi)h(x,u) and uv(x,u) =∑i ui(∂/∂xi)v(x,u) = U (x,u) .
The Sasaki metric on the tangent bundle TM of a pseudo-Riemannian manifold (M, g) is determined, at each point
(x,u) ∈ TM , by the formulas
g¯(x,u)
(
Xh, Yh
)= gx(X, Y ),
g¯(x,u)
(
Xh, Y v
)= 0,
g¯(x,u)
(
Xv , Y v
)= gx(X, Y ), (1.1)
where X and Y are arbitrary vectors from Mx . Let ∇¯ be the Levi-Civita connection of (TM, g¯), and let X and Y be vector
ﬁelds on M . Then, at each ﬁxed point (x,u) ∈ TM ,
(∇¯Xh Y h)(x,u) = (∇X Y )h(x,u) − 12 (Rx(X, Y )u)v ,(∇¯Xh Y v)(x,u) = 12 (Rx(u, Y )X)h + (∇X Y )v(x,u),(∇¯Xv Y h)(x,u) = 12 (Rx(u, X)Y )h,(∇¯Xv Y v)(x,u) = 0, (1.2)
where R is the Riemannian curvature tensor of (M, g) deﬁned by R(X, Y ) = [∇X ,∇Y ] − ∇[X,Y ] . As concerns the canonical
vertical vector ﬁeld U , we have
∇¯XhU = 0, ∇¯XvU = Xv ,
∇¯U Xh = 0, ∇¯U Xv = 0,
∇¯U U = U (1.3)
for each vector ﬁeld X on M .
Let r be a positive number. We set  = 1 if g is positive deﬁnite,  = −1 if g is negative deﬁnite, and  = ±1 if
g is indeﬁnite. The tangent hyperquadric bundle of radius r over a pseudo-Riemannian manifold (M, g) is a hypersurface
T r M = {(x,u) ∈ TM | gx(u,u) = r2} of TM . If g is positive deﬁnite, then T r M = TrM is the tangent sphere bundle with
radius r (see for example [4]).
The canonical vertical vector ﬁeld U is normal to T r M in (TM, g¯) at each point (x,u) ∈ T r M . Also, g¯(U ,U ) = r2 along
T r M . For any vector ﬁeld X tangent to M , the horizontal lift X
h is always tangent to T r M at each point (x,u) ∈ T r M . Yet,
in general, the vertical lift Xv is not tangent to T r M at (x,u). The tangential lift X
t of X is a vector ﬁeld on T r M deﬁned by
Xt = Xv −  1
r2
g¯
(
Xv ,U
)
U .
Thus at each point (x,u) ∈ T r M , we have
Xt(x,u) = Xv(x,u) − 
1
2
gx(X,u)U (x,u).r
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mined by the formulas
g˜(x,u)
(
Xh, Yh
)= gx(X, Y ),
g˜(x,u)
(
Xh, Y t
)= 0,
g˜(x,u)
(
Xt , Y t
)= gx(X, Y ) −  1
r2
gx(X,u)gx(Y ,u), (1.4)
where X and Y arbitrary vectors from Mx . In the following we shall use the symbol 〈·,·〉 for the scalar product gx on Mx .
Then we can rewrite (1.4) in the form
g˜(x,u)
(
Xh, Yh
)= 〈X, Y 〉,
g˜(x,u)
(
Xh, Y t
)= 0,
g˜(x,u)
(
Xt , Y t
)= 〈X, Y 〉 −  1
r2
〈X,u〉〈Y ,u〉 (1.5)
at each ﬁxed point (x,u) ∈ T r M , where X and Y are arbitrary vectors from Mx .
Remark. We notice that ut(x,u) = 0 for (x,u) ∈ T r M , and hence the tangent space (T r M)(x,u) coincides with the set{
Xh + Y v ∣∣ X ∈ Mx, Y ∈ {u}⊥ ⊂ Mx}.
Let S˜ be the shape operator of T r M in (TM, g¯) derived from the unit normal vector ﬁeld U/r. Then,
S˜ Xh = 0, S˜ Xt = −1
r
Xt (1.6)
for each vector ﬁeld X on M . Using this and (1.2), we can calculate the Levi-Civita connection ∇˜ of (T r M, g˜) at each ﬁxed
point (x,u) ∈ T r M in the form(∇˜Xh Y h)(x,u) = (∇X Y )h(x,u) − 12 (Rx(X, Y )u)t,(∇˜Xh Y t)(x,u) = 12 (Rx(u, Y )X)h + (∇X Y )t(x,u),(∇˜Xt Y h)(x,u) = 12 (Rx(u, X)Y )h,(∇˜Xt Y t)(x,u) = − 1r2 〈Y ,u〉Xt(x,u), (1.7)
where X and Y are arbitrary vector ﬁelds on M .
2. The Ricci curvature
Now, we can calculate the curvature tensor ﬁeld R˜ of (T r M, g˜). In order to simplify the corresponding expressions, we
shall use the previous remark and we make the following
Convention. The operation of tangential lift from Mx to a point (x,u) ∈ T r M will be always applied only to the vectors of
Mx which are orthogonal to u.
There are just six essentially different sorts of components of R˜ . They are expressed as follows:
R˜(x,u)
(
Xh, Yh
)
Zh = (Rx(X, Y )Z)h + 1
4
{(
Rx
(
Rx(Y , Z)u,u
)
X
)h − (Rx(Rx(X, Z)u,u)Y )h}
− 1
2
(
Rx
(
Rx(X, Y )u,u
)
Z
)h + 1
2
(
(∇Z R)x(X, Y )u
)t
, (2.1)
R˜(x,u)
(
Xh, Yh
)
Zt = 1
2
{(
(∇X R)x(u, Z)Y
)h − ((∇Y R)x(u, Z)X)h}+ (Rx(X, Y )Z)t
+ 1{(Rx(Rx(u, Z)Y , X)u)t − (Rx(Rx(u, Z)X, Y )u)t}, (2.2)4
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(
Xh, Y t
)
Zh = 1
2
(
(∇X R)x(u, Y )Z
)h + 1
2
(
Rx(X, Z)Y
)t − 1
4
(
Rx
(
X, Rx(u, Y )Z
)
u
)t
, (2.3)
R˜(x,u)
(
Xh, Y t
)
Zt = −1
2
(
Rx(Y , Z)X
)h − 1
4
(
Rx(u, Y )Rx(u, Z)X
)h
, (2.4)
R˜(x,u)
(
Xt , Y t
)
Zh = (Rx(X, Y )Z)h + 1
4
{(
Rx(u, X)Rx(u, Y )Z
)h − (Rx(u, Y )Rx(u, X)Z)h}, (2.5)
R˜(x,u)
(
Xt , Y t
)
Zt =  1
r2
{〈Y , Z〉Xt(x,u) − 〈X, Z〉Y t(x,u)} (2.6)
for all X, Y ∈ Mx satisfying the above convention.
Now, let {E1, E2, . . . , En} be an orthonormal basis for the tangent space Mx such that En = u/r. Then {E h1 , E2h, . . . , Enh,
E1t , E2t , . . . , En−1t} is an orthonormal basis of (T r M)(x,u) . Using this basis, we calculate the Ricci tensor R˜ic of (T r M, g˜)
from (2.1)–(2.6). We put i = g(Ei, Ei), i = 1,2, . . . ,n. We have, at each ﬁxed point (x,u) ∈ T r M ,
R˜ic(x,u)
(
Xh, Yh
)= Ricx(X, Y ) − 1
2
n∑
i=1
i
〈
Rx(u, Ei)X, Rx(u, Ei)Y
〉
, (2.7)
R˜ic(x,u)
(
Xh, Y t
)= 1
2
{
(∇u Ric)x(Y , X) − (∇Y Ric)x(u, X)
}
, (2.8)
R˜ic(x,u)
(
Xt , Y t
)= 1
4
n∑
i=1
i
〈
Rx(u, X)Ei, Rx(u, Y )Ei
〉+  n − 2
r2
〈X, Y 〉 (2.9)
for all X, Y ∈ Mx satisfying the above convention, where Ric is the Ricci tensor of (M, g).
Let X and Y be vectors tangent to M at x satisfying the above convention. Then from (2.2)–(2.4), we have, at each point
(x,u) ∈ T r M , that
R˜ic(x,u)
(
Xh + Y t, Xh + Y t)
= Ricx(X, X) + r
(
(∇uˆ Ric)x(Y , X) − (∇Y Ric)x(uˆ, X)
)
+ 1
4
r2
∑
i
i
(〈
Rx(uˆ, Y )Ei, Rx(uˆ, Y )Ei
〉− 2〈Rx(uˆ, Ei)X, Rx(uˆ, Ei)X 〉)+  n − 2
r2
〈Y , Y 〉, (2.10)
where we put uˆ = u/r.
Thus we have
Theorem 2.1. Let (M, g), dimM  3, be a pseudo-Riemannian manifold, and let the components of the curvature tensor and those
of covariant derivatives of the Ricci tensor with respect to all orthonormal bases be bounded. Then, for vectors X and Y tangent to
M at x ∈ M and for each suﬃciently small positive number r, the Ricci curvature R˜ic(x,u)(Xh + Y t , Xh + Y t) at (x,u) of the tangent
hyperquadric bundle (T r M, g˜) is
(1) positive if Y is a spacelike and negative if Y is timelike for  = 1;
(2) negative if Y is a spacelike and positive if Y is timelike for  = −1.
Remark. In particular, if (M, g) is a space of constant sectional curvature c, then we have
R˜ic(x,u)
(
Xh + Y t, Xh + Y t)
= 1
2
c
(
2(n − 1) − cr2)〈X, X〉 − 1
2
c2r2(n − 2)〈X,u〉2 + 1
2

(
c2r2 + 2(n − 2)
r2
)
〈Y , Y 〉.
3. The scalar curvature
Using (2.7)–(2.9), we obtain a formula for the scalar curvature S˜c(g˜) of (T r M, g˜) at each ﬁxed point (x,u) ∈ T r M in the
form
S˜c(g˜)(x,u) =  (n − 1)(n − 2)
r2
+ Sc(g)x − 1
4
r2ξx
(
u
r
,
u
r
)
, (3.1)
where Sc(g) is the scalar curvature of (M, g) and ξ is a tensor ﬁeld on M given at each point x ∈ M by
ξx(X, Y ) =
n∑
i j
〈
Rx(X, E j)Ei), Rx(Y , E j)Ei
〉
(3.2)i, j=1
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S˜c(g˜)(x,u) = n(n − 1)c −  (n − 1)2 c
2r2 + (n − 1)(n − 2) 1
r2
. (3.3)
Now let (M, g) be a pseudo-Riemannian manifold of indeﬁnite metric. Then, due to R.S. Kulkarni et al., (M, g) has
bounded sectional curvature if and only if (M, g) has constant sectional curvature [7, Proposition 28 in p. 229]. Thus we
have from (3.3)
Theorem 3.1. Let (M, g) be a pseudo-Riemannian manifold of indeﬁnite metric and have bounded sectional curvature. Then the scalar
curvature of the tangent hyperquadric bundle (T r M, g˜) is constant.
Next we see sign of the scalar curvature of (T r M, g˜).
Theorem 3.2. Let (M, g), dimM  3, be a pseudo-Riemannian manifold with bounded sectional curvature. Then, for each suﬃciently
small positive number r, the tangent hyperquadric bundle (T r M, g˜) is a space of positive scalar curvature if  = 1 and of negative
scalar curvature if  = −1. In particular, these scalar curvatures are constant if g is indeﬁnite.
Proof. Because the sectional curvature is bounded on M by our assumption, all components of the curvature tensor are
bounded. Hence the scalar curvature Sc(g)x and ξx(u/r,u/r) are bounded. 
Remark. If dimM = 2, we can not obtain the assertion of Theorem 3.2 in general. In this case, the last term of the right-
hand side of (3.3) vanishes. Thus, if (M, g) is a pseudo-Riemannian non-ﬂat surface of constant Gaussian curvature, then, for
each suﬃciently small positive number r, the tangent hyperquadric bundle (T r M, g˜) is a space of negative constant scalar
curvature.
From (3.3) we have generalization of Corollary 3.4 in [5]:
Theorem 3.3. Let (M, g) be a pseudo-Riemannian non-ﬂat manifold of constant sectional curvature c. Then the scalar curvature S˜c(g˜)
of the tangent hyperquadric bundle (T r M, g˜) is constant. Moreover, if dimM = 2 and c > 0; or if dimM  3, we obtain that
S˜c(g˜) > 0 for all r ∈ (0,a),
S˜c(g˜) = 0 for r = 0,
S˜c(g˜) < 0 for all r ∈ (a,∞),
where a =
√
(
√
n2 + 2n − 4+ cn)/|c|, c = c/|c|.
If dimM = 2 and c < 0, then sign of the scalar curvature does not depend on r:
Theorem 3.4. Let (M, g) be a pseudo-Riemannian non-ﬂat surface of constant Gaussian curvature c. Then, for the constant scalar
curvature S˜c(g˜) of the tangent hyperquadric bundle (T r M, g˜), we have S˜c(g˜) < 0 if c < 0.
Theorem 3.5. Let (M, g), dimM  2, be a pseudo-Riemannian manifold satisfying the following condition; there are positive number
δ  1 and A such that Aδ  |K | A holds for the sectional curvature K of (M, g). Then, for each suﬃciently large positive number r,
the tangent hyperquadric bundle (T r M, g˜) is a space of negative scalar curvature if  = 1 and of positive scalar curvature if  = −1.
Proof. If g is indeﬁnite, then, as we remarked before Theorem 3.1, (M, g) is a space of constant sectional curvature because
g has bounded sectional curvature by our assumption. Hence the scalar curvature S˜c(g˜) takes in the form (3.3). Thus we
have the assertion.
The assertion of the theorem in the case that g is positive deﬁnite is just that of Theorem 2 in [4].
If g is negative deﬁnite, then ξx(u/r,u/r) is negative for all u ∈ Mx . This quantity ξx(u/r,u/r) for all unit vectors u/r and
Sc(g) are bounded because g has bounded sectional curvature by our assumption. Thus we have the assertion. 
Remark. If g is indeﬁnite, then Theorem 3.5 holds under much weaker condition: (M, g) is a pseudo-Riemannian non-ﬂat
manifold with bounded sectional curvature.
Remark. For any nonnegative integers p and q such that at least one of them is positive, let V pq = {(u1, . . . ,up,up+1,
. . . ,up+q)} be a vector space with a scalar product of signature (p,q). Then a linear map φ : V pq −→ Vqp deﬁned by
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(
u1, . . . ,up,up+1, . . . ,up+q
)= (up+1, . . . ,up+q,u1, . . . ,up)
is an anti-isometry. The assertion of Theorem 3.5 in the case that g is negative deﬁnite can also be obtained from this
anti-isometry and the assertion of Theorem 3.5 in the case that g is positive deﬁnite.
If the base manifold (M, g) is ﬂat, then, again, sign of the scalar curvature does not depend on r:
Theorem 3.6. Let (M, g), dimM  3, be a pseudo-Riemannian ﬂat manifold. Then the tangent hyperquadric bundle (T r M, g˜) is a
space of positive constant scalar curvature if  = 1 and of negative scalar curvature if  = −1.
Theorem 3.7. Let (M, g) be a pseudo-Riemannian ﬂat surface. Then the scalar curvature of the tangent hyperquadric bundle (T r M, g˜)
is zero.
There exists a tangent hyperquadric bundle whose scalar curvature is a preassigned constant:
Corollary 3.8. Let (M, g), dimM  3, be a pseudo-Riemannian non-ﬂat manifold of constant sectional curvature. Then there exists a
tangent hyperquadric bundle (T r M, g˜) whose scalar curvature is a preassigned constant.
Proof. Let (M, g) be a space of constant sectional curvature c and let c˜ any constant. Then, replacing S˜c(g˜) in (3.3) with c˜,
we receive a quadratic equation on R = r2:
(n − 1)c2R2 + 2(c˜ − n(n − 1)c)R − 2(n − 1)(n − 2) = 0, (3.4)
which has a positive root if c = 0. 
Remark. When (M, g) has bounded sectional curvature, the assertion of Corollary 3.8 does not hold in general. In fact,
if (M, g) is a Riemannian manifold with bounded sectional curvature, then the scalar curvature S˜c(g˜) is not constant in
general.
If the base manifold (M, g) is ﬂat, then, from (3.4), we have
Corollary 3.9. Let (M, g), dimM  3, be a pseudo-Riemannian ﬂat manifold. Then, for a constant c˜ such that c˜ > 0, there exists a
tangent hyperquadric bundle (T r M, g˜) whose scalar curvature is c˜.
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